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Swing-up Control of an Inverted Pendulum
Subject to Input/Output Constraints
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Abstract: In this paper we propose a swing-up strategy for a single inverted pendulum. The proposed method has a feature
whereby can handle the input and output constraint of a pendulum in a systematic way. For the swing-up of a pendulum, we
adopt a 2-DOF control structure that combines the feedforward and feedback control. In order to generate the swing-up
feedforward trajectories that satisfy the input and output constraint, we formulate the problem of generating feedforward
trajectories as a nonlinear optimal control problem subject to constraints. We illustrate that the proposed method is more flexible
than the existing method and provides great freedom in choosing the actuator of the inverted pendulum. Through an experiment,
we show that the proposed method can swing a pendulum upward effectively while satisfying all the imposed constraints.
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Fig. 1. The conceptual diagram of a cart inverted pendulum

system.

O 2. Aol AR AT A 7MEY =934
Fig. 2. A lab-built cart inverted pendulum system used for

experiments.
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Table 1. Model parameters of the inverted pendulum system.

Parameters Values
m 0.41 Kg
l 0.22m
7 0.116 Nins>
c 0.005Nms
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Fig. 3. 2-DOF swing-up control structure.
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Table 2. Estimated model parameters of the inverted pendulum

system.
Parameters Values
m 0.4 Kg
l 0.24m
I 0.016 Nims”
c 0.005Nms
angle angle
0 0
_ -
> > "
-4
0 0.5 1 0 0.5 1
time [s] time [s]

angular velocity angular velocity

6 [rad/s|
6 [rad/s|

0 0.5 1
time [s]

(b)

7:"‘/‘?%% 0] 4312 o) 7k} ZH=ol] T3k 7|
A3 (a) 712ASF, (b) FEAS, SHARE

/\-]) 214194 (/\1;\-])

L

Fig. 6. The open-loop experimental result of angle and angular
velocity using (a) default parameters and (b) the estimated

parameters : desired trajectories (dotted), actual trajectories

(solid).
W A 54 A4S FHoR AYsE ol of
Ye} A4 % SEEERIE RE
o

50
0
C E
g
~ -50f
[$}
@
3
g 100}
2
-150
-200 ¢ . . . . . . ]
0 0.2 0.4 0.6 0.8 1 1.2 1.4
time [s]

9 7. AR HHY o] 5.
Fig. 7. Time-varying feedback gain.



840 Tum Meta, Gi-Young Gyeong, Jae—Heon Park, and Young—-Sam Lee

V. 28Y ®of MY

Abe W f-848 AFs] Qs 247 = 7=
29 A7) E o] 83 YUY Ao Y % Y 5+5
AEXAE A& FYstr] QA B =wolA AL

e o83ty AT AHE F%}%iﬁ} (1019 =
Ol HE ARSI FEXSE HH S 3 Jah=t) 9.5%9] Al
gro] ZQHUtE FIES JIERE Ags] s d
flome Ax dPdAE 7t VT AHE 28 A
sl 71E9] 9x|F AR WHIsIYT o= 4%6}71 4
o PD Feje] YA VS AMESITE 1Y 8L 1¥ 3
9] 2AFE 299 AoI71E AAR FHE] Y] Al
A AR gEelth AAIRE Ao E Yg nlo|IEFTEE
HEZM Texas Instrument®] TMS320F28128 ©]-83lal A}
23 AZEYL imsolt. YEXY= AFF 17 72 A
W o] S(time-varying gain)< 7 ¥ (look-up table)S ©]-8-3}
of FHESHTE RAME Z717} g E o] Q7] wl&el| =7
#E TAY W J=z9= AFL 2ms HAC] dloJEE
AREEFE I A 0]52 5ms HA Y] HlolEE Al
ZAEES A7) 98] oF 1KB =] RAME AH83H
. R TMS320F2812% 34KBS] RAME 7HA|IL 17]
ool 2Hzxe] A7t "ol A UF A & AHS-

r&ﬂglﬁ

D

%

o

;l;
> lo d
N
(m
A_
z
ﬁ
-
N

(solld) 11]"’]'51 AR %'ETH AdE mExee 5‘4]75.0
dash-dot FENS] A& = 5

ARESHA] L FEXLE Aofy ]”}o /\]’%EHH }\'6101:41%
T T =T AHel HAFA 7R 2=AHE W
Aotk mAH o2 HAFH ] Ao AExfe A
o718} Fem Ao7|E & o AR 2R 29 Al
olo] 43 AFeltt. AeAo7]E AHESFA] B3k el
T t=T ANAH7A AZ-o] Alke slex= ART fFA
Sl UEls = BolZl= kA 293 olF 7BV A
A 8F5AE Ae & F Utk oA FAoilAor]|& A
SHA] o= Qe WAskE xbF AA A7) ~9F
Al A@AN7I7F AR F AAES 1] wEolth
FEdiAo7]E o] ARESE Aol Ao71E wAjE Al
Holl= 7tEZF ZA 88XA @a FEHA 297 o] o
FolAe A& B F Uth AFAAERH 2~YYE =

s ﬂEL Hog Az |z < 03mE BT WS
A= 2=
= Ae & 7t
*
u
FF l + u PD voltage|
. position | System
trajectories
+ controller
* Au
4
FB
control

98, 299 Aol E 947 Aol T

Fig. 8. The control scheme for the swing-up

cart position

z[m|

time [s]

angle

0 0j5 1 1j5 2 2.5
time [s]
a9, AyAzte) vl )T 2| (dash-dot), HFZ HH
(), 1% A,
Fig. 9. Comparison of the experimental results: open loop
trajectory(dash-dot), closed loop trajectory(dotted), desired
trajectory(solid).

VL EE
o] =EolAe E=HAS Y} 29 AoxdE g
she WS Al Ak

sto] EYHRIAE 2949 Ao
He 2 712l Alkd 2 o] AojF=E F
atE ez AA AEe Agxde 1Bt HAA
FARSE AdEIUe Bae SR ok 712 Y
AMMe 7HE 7Rl vExE AZol 543 FH e
el AL TR A 2 AldtEE e 5EHE §
2 /A gLozN o fAXS JXla B HA
Al A =RzIAte] Q) - =¥ Aok =
g F e S 77 Wi =83A A2Ee] 7F
5 Mol o 2 AREE F 4 Aok 71E9H
I mdAE 43 A= Aolr] AANES -85k
Atd vexfde Aogaat Agste] 2a4HE 2YY
ARS FYsiden PSS T8l AgE o]l =y
Azdle] Q)-8 AlkRdS Ao R vsh 29
A& Fh3) H& HAFsHArh

A

o ?g
-Ll
mlo N

i

REFERENCES

[1] K. Astrom and K. Fruta, “Swinging up a pendulum by
energy control,” Automatica, vol. 36, no. 2, pp. 287-295,
2000.

[2] D. Chatterjee, A. Patra, and H. K. Joglekar, “Swing-up
and stabilization of a cart-pendulum system under re-
stricted cart track length,” Systems & Control Letters,
vol. 47, pp. 355-364, 2002.



(4]

(5]

(6]

(71

(8]

%]

(10]

(11]

[12]

(13]

Swing—-up Control of an Inverted Pendulum Subject to Input/Output Constraints 841

K. Furuta, M. Yamakitan, and S. Kobayashi, “Swing-up
control of inverted pendulum using pseudo-state feed-
back,” Journal of System and Control Engineering, vol.
206, pp. 263-269, 1992.

K. Graichen, M. Treuer, and M. Zeitz, “Swing up of the
double pendulum on a cart by feedforward and feedback
control with experimental validation,” Aufomatica, vol.
43, pp. 63-71, 2007.

D. E. Kirk. Optimal Control Theory : An Introduction,
Prentice Hall, 1970.

R. Lozano, 1. Fantoni, and D. J. Block, “Stabilization of
the inverted pendulum around its homoclinic orbit,”
System & Control Letters, vol. 40, pp. 197-204, 2000.

J. M. Maciehowski, Predictive Control with Constraints,
Prentice Hall, 2002.

N. Muskinja and B. Tovornik, “Swinging up and stabili-
zation of real inverted pendulum,” /EEE Transactions on
Industrial Electronics, vol. 53, no. 2, pp. 631-639, 2006.
Y. Otani, T. Kurokami, A. Inoue, and Y. Hirashima, “A
swingup control of an inverted pendulum with cart posi-
tion control,” In Proc. of the IFAC Conference on New
Technologies  for ~ Computer  Control, pp. 13-22,
Hongkong, China, 2001.

M. A. Patterson and A. V. Rao, GPOPS - II Version
1.0:4  General-purpose  Matlab  Toolbox for Solving
Optimal Control Problems using Variable-order Gaussian
Quadrature Collocation Methods, 2014.

M. Wilklund, A. Kristenson, and K. Astrém, “A new
strategy for swing up an inverted pendulum,” In Proc.
of IFAC 12" World Congress, vol. 9, pp. 151-154,
Sydney, Australia, 1993.

X. Xin, “Analysis of the energy-based swing-up control
for the double pendulum on a cart,” Infernational
Journal of Robust and Nonlinear Control, vol. 21, pp.
387-403, 2010.

J. H Yang, S. Y. Shim, J. H. Seo, and Y. S. Lee,
“Swing up control for an inverted pendulum with re-
stricted cart rail length,” International Jowrnal of
Control, Automation, and Systems, vol. 70, no. 4, pp.
674-680. 2009.

ol & &
Aol - 2R - A=HEE] =24 A5 A4E Fx

Tum Meta

201219 Institute of Technology of
Cambodia TH&txl Electronic Automatic
and Telecommunication®} <. 2013
AR olslslny gty zrR s}
3 A gF TR AAIZE Ao,

4714

2014 lstoista W7 EEE 4.
2014 3~AA] dsiign thskd 7]
I} A AEE IAERE Ao
7l 74 9 2d 24

L !
2014 Qlspsta A7EeE E4.
20143~AA <Jsto)stn EH?‘%—?J A7
st Ay AskE =
Ao},




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


